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1. INTRODUCTION 
The study of the algebraic theory of characters of commutative semigroups 
was initiated by Schwarz [8, 9, IO] and Hewitt and Zuckerman [#, 51. The 
theory has been further developed and expanded by Clifford and Preston [I] 
and several other authors [3,6, 7, II]. A character of a semigroup S is simply 
a homomorphism of S into the multiplicative semigroup of complex numbers. 
The collection of all characters of a semigroup S is a semigroup with respect 
to pointwise multiplication. We denote the semigroup of characters of S 
by V(S) and we define 
NV(S) = {X E w(S) ] x(s) f 0 for all s E S}, 
G?(S) = (x E V(S) ] 1 x(s) 1 = 0 or 1 for all s E S}, 
MU’(S) = (X E V(S) 1 1 x(s) 1 = 1 for all s E S}. 
In particular, J’%(S) denotes the semigroup of nonvanishing characters 
of s. 
It is well known that V(S) is isomorphic to V’(S) and that &V(S) is 
isomorphic to .4’%?‘(S) for any semigroup S. Thus we shall not discuss 
further the accented character semigroups. 
Each of the semigroups V(S) and .&V’(S) is called a dual of the semigroup 
S. If h is a homomorphism from a semigroup S into a semigroup T, then 
h* = x + xh is a homomorphism from a dual of T into the corresponding 
dual of S. If S is a subsemigroup of T and if i : S+ T is the inclusion mapping, 
then i* is called the projection of a dual of T into the corresponding dual of S. 
For commutative semigroups, we find necessary and sufficient conditions 
that the projections be onto and necessary and sufficient conditions that they 
be isomorphisms. These results are then applied to obtain some reduction 
theorems concerning the determination of dual semigroups. The projection 
i* from ‘i9( T) into w(S) is, of course, onto if and only if each character defined 
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on S can be extended to a character of T. If each character has a unique 
extension, then i* is an isomorphism from G%‘(T) onto V(S). And the corres- 
ponding statements are true for nonvanishing characters. 
In Section 2 we give two simple examples of a character defined on a sub- 
semigroup which can not be extended to the whole semigroup. One of the 
main results (Theorem 3) of this paper is that these two examples illustrate 
essentially all the difficulties that can arise in extending characters of com- 
mutative semigroups. 
2. EXAMPLES 
Example 1. Let T be the additive group of integers and let S be the sub- 
semigroup of nonnegative integers. Define x on S by: x(n) = 0 if n > 1 and 
x(0) = 1. Then x is a character of S, but x can not be extended to a character 
of T. 
Remark. It may be noted that the above example is not compatible with 
Theorem 5.65 of [Z]; however, the theorem needs the additional hypothesis 
that the intersection of S with each archimedean component of T is empty 
or an archimedean semigroup. The author is indebted to R. 0. Fulp for this 
remark. 
Example 2. Let R be the multiplicative semigroup of positive rational 
numbers and let S = {p, q} be the subsemigroup of R generated by two 
distinct primesp and q. Define x on S by: x(pmqn) =0 if m > 1 and x(qn) = 1. 
Then x is a character of S, but x can not be extended to a character of 
T = {p, q, q/p}. More generally, suppose that p and q generate together a 
free commutative semigroup S in T and suppose that p divides q in T. Then 
x defined on S in the same way as above can not be extended to T. 
3. CHARACTERS 
THEOREM 1. Suppose that x is a character de$ned on a subsem&roup S
of a commutative semigroup T. A necessary and su@ient condition that x can 
be extended to a character of T is 
(1) ax = b where (a, b, x) E S x S x T and x(a) = 0 imply that x(b) = 0. 
Proof. Condition (1) is obviously necessary. In order to prove that it is 
sufficient, we may without loss of generality assume that T has an identity. 
Suppose that x,, is in T but not in S. 
481/5/I-2 
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Case I. For some positive integer n, axOn = b where a and b are contained 
in F, = {x E S 1 X(X) f O}. Choose n as small as possible and let z,, be any 
n-th root of the number x(b)/x(a). 
Case 2. Case 1 does not hold, but ax,ny = b for some positive integer 
n where (a, b, y) EF~ x F, x T. Let z,, be any nonzero number. 
Case 3. Neither case 1 nor case 2 holds. Let z,, = 0. 
The character x defined on S can be extended to a character of the semi- 
group {S, x,,} by mapping x0 onto z0 , that is, the correspondence sxoi + 
x(s)zoi where s E S and i > 0 is well defined. In order to verify this, assume 
that 
(4 v-0 i = ssxoj and 
w xwoi fr XhJ~~ 
where i 3 j > 0. We distinguish cases again. 
Case (i): i = j. In this case, (A) and (B) imply that if 0. Therefore 
(B) implies that so f 0, so case 1 or case 2 must hold. Hence we immediately 
obtain from (A) that sic = ssc for some c EF~ . Thus x(sJ = I, so case 
(i) is impossible. 
Case (ii): i > j. We first show that case 3 can not hold. If it does, then 
j = 0 and s x i = sa where I # 0. Condition (1) implies that X(Q) f 0. 
Thus si and’sa’are in F, ; hence case 1 holds, which precludes case 3 after all. 
Now case 1 or case 2 must hold and sic&j = ssc for some c in F, . Moreover, 
slc EF~ , for otherwise x(si) = 0 = x(sa). It is easily shown that ssc E F, . 
Thus case 1 must hold and i -j is a multiple of the positive integer n 
associated with case 1. It suffices to consider the case i = n and j = 0. This 
yields sib = sza and x(s~)z~~ = x(sr)x(b)/x(a) = x(sa), which contradicts (B). 
It follows that the extension of x to {S, x0} is well defined. Since condition 
(1) remains valid for the extension of x to {S, x0}, an application of Zorn’s 
lemma completes the proof of the theorem. 
The following corollary states a result which was first proved for bounded 
characters by Warne and Williams [II]. 
COROLLARY 1. If x is a character de$ned on an inverse subsemigroup S
of a commutative inverse semigroup T, then x can be extended to a character of T. 
Proof. Suppose that ax = b where (a, b, x) E S x S x T and x(a) = 0. 
Then a-lb E S and a(a-lb) = b. Thus x(b) = 0 and (1) is satisfied. 
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We have actually proved 
COROLLARY 2. If x is a character dejined on a subsemigroup S of a com- 
mutative semigroup T and if S is a union of groups, then x can be extended to a 
character of T. 
THEOREM 2. Suppose that S is a subsemigroup of a commutative semigroup 
T. A necessary and su@ient condition that the projection V(T) -+ g(S) be 
onto is: 
(2) if (a, b) E S x S and if a divides b in T, then a divides b” in S for some 
positive integer n. 
Proof. That condition (2) is sufficient follows from Theorem 1. In order 
to show that (2) is necessary, suppose that ax = b where (a, b, x) E S x S x T 
but that for no positive integer n is ac = b” where c is an element of S. 
Define 
D = {s E S 1 s divides in S some positive power of b}. 
The complement of D in S is a prime ideal of S containing a. The character- 
istic function x of D in S is a character of the semigroup S. Since x(b) = 1 
and x(a) = 0, x can not be extended to a character of T. 
Let Z denote the infinite cyclic group and let 9{a, b} denote the free 
commutative semigroup on two generators a and b. 
THEOREM 3. Suppose that T is a commutative semigroup. A necessary and 
s@cient condition that every character dejined on a subsemigroup of T can be 
extended to a character of T is that T does not contain Z nor 9{a, b} where a 
divides b in T. 
Proof. The examples in Section 2 show that the condition is necessary. 
Conversely, suppose that T does not contain Z nor ${a, b} where a divides 
b in T. Now suppose that x is a character defined on a subsemigroup S of T 
and suppose that ax = b where (a, b, x) E S x S x T. Since the semigroup 
{a, b) is not free, aibj = apbg for positive integers i, j, p, and q where i # p 
or j f q. For definiteness, assume that i 3 p. If i > p, then ai-pb*+J = b”+* 
and x(b) = 0 if x(a) = 0. If i = p, then bi+j = bi+* where j # q. Thus b 
is a periodic element and some positive power of b, say bk, is idempotent. 
Since akxk = b”, (ab)k and bk are contained in a subgroup G of T having 
identity e = bk. Since G is periodic, G n S is a group containing (ab)* and 
bk . Thus x(b) = 0 if x(a) = 0. We have shown that condition (1) of Theorem 
1 is satisfied; hence x can be extended to a character of T. 
COROLLARY 3. Let T be any periodic and commutative sem@up and let 
S be a subsemigroup of T. Then any character deJned on S can be extended to 
a character of T. 
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Following Comfort [2], we say that a subset F of a commutative semigroup 
S is a face of S if F = S or if F is the complement of a prime ideal of S. 
Hence a subset F of S is a face of S if and only if the characteristic function 
of F as a subset of S is a character of S. If F is a face of S, denote by CFs the 
complement of F in S and denote by RF * the radical in T of the ideal (or 
empty set) C,ST, that is, 
If CFs is the empty set, let RFT be void also. 
We now give a necessary and sufficient condition for a projection to be an 
isomorphism. 
THEOREM 4. Let S be a subsemigroup of a commutative semigroup T. The 
projection Q?(T) + g(S) is an isomorphism jkom U(T) onto g(S) if and only 
if 
(2)if(a,b)ESxS df d d b an i a ivi es in T, then a divides be in S for some 
positive integer n; 
(3) for each face F of S, 
T = (F u RFT)/F1 = { x~T[x~FuR~~orfx~FuR~~withf~F}. 
Proof. Suppose that conditions (2) and (3) hold. By Theorem 2, the 
projection V(T) + Q?(S) is onto. An extension to T of a character x defined 
on S is uniquely determined on (F u RFT)/F1 where F = (x E S 1 x(x) # 0}, 
a face of S. It follows from condition (3) that the projection V(T) -+ W(S) 
is one-to-one and, therefore, an isomorphism onto V(S). 
Conversely, suppose that the projection W(T) + 59’(S) is an isomorphism 
onto V(S). We know that condition (2) holds by Theorem 2. Assume that 
T # (F u RFT)/F1 for some face F of S. Define a character x of S by: x(s) = 1 
if s E F and X(S) = 0 if s 4 F. Let x0 be any element of T not contained in 
(F u RRFT)/F1. If ax, n = b where n > 1 and a and 6 are in F = F, , then 
n > 2 since x,, q&F/F. It follows that if either case 1 or case 2 of the proof 
of Theorem 1 were true for x0 , then x could be extended in more than one 
way to a character of T. Consequently, case 3 of the proof of Theorem 1 
must hold, that is, ax,” f b and azany # b if (a, b, y) EF x F x T and n 
is a positive integer. In this case, we have shown that there is an extension 
of x to a character of T which maps x0 onto 0. We show presently that there 
is also an extension of x which maps x0 onto 1. Indeed, the characteristic 
function of the semigroup (F, x0} in the semigroup {S, x0} can be extended 
to a character of T. Thus condition (3) is necessary for the projection %‘(T) --+ 
V(S) to be an isomorphism, and the theorem is proved. 
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4. NONVANISHING CHARACTERS 
Suppose that S is a subsemigroup of a commutative semigroup T. An 
immediate consequence of Theorem 1 is that any character defined on S 
which never takes on the value zero can be extended to a character of T. 
In this section we are concerned with the problem of extending nonvanishing 
characters of S to nonvanishing characters of T. The starting point is the 
following theorem proved in [7]. 
THEOREM 5 (Ross). Suppose that x is a nonvanishing character defined 
on a subsemigroup S of a commutative semigroup T. Then x can be extended 
to a nonvanishing character of T if and only if ax = bx, where (a, b, x) E 
S x S x T implies that x(a) = x(b). 
In particular, if x is a nonvanishing character defined on a subsemigroup 
S of a cancellative commutative semigroup T, then x can be extended to a 
nonvanishing character of T. 
THEOREM 6. Suppose that S is a subsemigroup ofa commutative semigroup T. 
A necessary and su&‘ent condition that the projection .M%‘( T) -+ &Y(S) be 
onto is: 
(4) ax = bx where (a, b, x) E S x S x T implies that ac = bc for some 
c in S. 
Proof. If (4) holds, then ROSS) theorem states that each nonvanishing 
character of S can be extended to a nonvanishing character of T. Now assume 
that (4) does not hold. Choose (a, b, x) E S x S x T such that ax = bx 
but ac # bc if c E S. Then a and b represent distinct elements in the maximal 
cancellative homomorphic image of S. It is well known that the nonvanishing 
characters on a cancellative commutative semigroup separate points. Thus 
there is a nonvanishing character x of S such that x(a) # x(b). Clearly, x 
can not be extended to a character of T. 
An immediate consequence of Theorem 6 is the following. 
THEOREM 7. Suppose that T is a commutative semigroup. A necessary and 
suficient condition that every nonvanishing character dejkd on a subsemigroup 
of T can be extended to a nonvanishing character of T is: 
(5) XX = yz where (x, y, z) E T x T x T implies that xn+lyn = xnyn+l 
for some positive integer 12. 
THEOREM 8. Let S be a subsemigroup of a commutative semigroup T. The 
projection MW( T) + JW( S) is an isomorphism onto J%‘(S) if and onZy if: 
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(4) ax = bx where (a, b, x) E S x S x T implies that ac = bc for some 
c in S; 
Proof. By Theorem 6, condition (4) is necessary and sufficient that the 
projection &‘V( T) -+ J+‘+%(S) be onto. Clearly, condition (6) implies 
uniqueness of the extension of a nonvanishing character of S to a nonvanishing 
character of T. It remains only to show that if (4) holds and (6) does not, 
then the projection .NU( T) -+&3?(S) is not an isomorphism. Let S and T 
denote the maximal cancellative homomorphic images of S and T, respectiv- 
ely. Condition (4) implies that S is a subsemigroup of T. There is an element 
f in T which is not in the semigroup of quotients of S. Hence any non- 
vanishing character of S can be extended in more than one way to a non- 
vanishing character of T. It follows that any nonvanishing character of S can 
be extended in more than one way to a character of T and, therefore, the 
projection is not an isomorphism. 
5. THE SEMILATTICE OF ARCHIMJXDEAN COMPONENTS 
Any commutative semigroup can be decomposed into a semilattice of 
its archimedean components [I; p. 1301. 
THECREM 9. Suppose that T = UeeE T(e) is the decomposition of a com- 
mutative semigroup T into a semilattice E of the archimedean components 
T(e) of T. If S is a suhsemigroup of T, then the projection ‘Z(T) + G?(S) is an 
isomorphism if and only if: 
(7) S n T(e) is an archimedean semigroup for each e E E; 
(8) ifx E T(e), then bx = a for some a and b in S n T(e). 
Proof. Suppose that (7) and (8) hold. If ax = b where (a, b, x) ES x S x T, 
then b, ab, and ax are in the same archimedean component, say T(e), of T. 
Hence b and ab are in S n T(e), and archimedean semigroup. Thus 
abc = bk for some positive integer k and some c in S n T(e). Hence condition 
(2) is satisfied, and the projection %(T) + V(S) is onto, Let e E E. Since the 
archimedean semigroup S n T(e) has no proper prime ideals, it has no faces 
other than itself and the empty face 4. If F = S n T(e), then T(e) = 
(S n T(e))/(S n T(e)) by (8). If F = 4, then CFTtejnS = S n T(e). Now if 
x E T(e), then ay = xn for some (a, y) E (S n T(e)) x T(e) and for some 
positive integer n since T(e) is archimedean and S n T(e) is not empty. In 
this case, XE@‘). We have shown in general that T(e) =(F u R$‘“‘)/F’ 
if F is a face of S n T(e). It follows that any extension of a character x defined 
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on S is uniquely determined on T(e) and, therefore, on T since e was chosen 
arbitrarily in E. 
Conversely, suppose that the projection g(T) -+ ‘3?(S) is an isomorphism. 
We first observe that if T is a semilattice, then S = T. Otherwise, choose 
e in T not in S and define F = {x E S 1 x > e}. Then F is a face of S, but 
T f (F u R,‘)/Fl. Since E is a (maximal) semilattice homomorphic image 
of T, it follows that S n T(e) is nonempty for each e E E. If a and b are in 
S n T(e), then ax = bm for some x E T(e) and some positive integer m. 
From condition (2), we have that ac = b”” where c E S and rz > 1. Thus 
abc = bgn+i and bc E S n T(e). Hence S n T(e) is archimedean and condi- 
tion (7) is satisfied. Finally, if we take x E T(e) and let F = {a E S 1 a E T(f) 
for somef > e}, then F is a face of S such that x $ RFT . Condition (3) implies 
that x EF/F, that is, bx = a where a and b are in F. Since x E T(e), it follows 
that a and u6 are also in T(e), so ubx = u2 shows that (8) is satisfied and 
completes the proof of the theorem. 
If T is a commutative semigroup which contains an idempotent, the sub- 
semigroup 
Gr = {x E T 1 x is contained in a subgroup of T} 
is called the group part of T. It is known [I; p. 2051 that in certain special cases 
(such as T is periodic) the character semigroup of T is naturally isomorphic 
to the character semigroup of the group part of T. The next theorem states 
precisely when this is true. 
THEOREM 10. Suppose that T = uBEE T(e) is the decomposition of a 
commutative semigroup with an idempotent into a semilattice E of its urchimedeun 
components T(e). Let Gr denote the group part of T. The projection U(T) -+ 
U( GT) is an isomorphism if and only if: 
(9) for each e E E, the urchimedeun component T(e) contains an idempotent 
e* and e*T(e) is a group. 
Proof. It is a simple exercise to show that Gr n T(e) is a group if it contains 
an idempotent. 
Suppose that (9) is true. It is immediate that e*T(e) C GT n T(e). Since 
Gr n T(e) is a group with identity e*, 
GT A T(e) = e*(G, A T(e)) _C e*T(e). 
Thus GTn T(e) = e*T( e is a group and (7) is satisfied. It is obvious that ) 
(8) is satisfied since e* and e*x are in Gr n T(e) for any x in T(e). Therefore, 
the projection %‘(T) -+ %‘(Gr) is an isomorphism if (9) holds. 
Suppose that the projection V(T) + V(Gr) is an isomorphism. Then 
(7) and (8) are valid for S = Gr . From (7), we know that GT n T(e) contains 
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an element x if e E E. A consideration of the equations xy = e*, e*x = x, 
and e*a = e* leads to the conclusion that the idempotent e* is in the same 
archimedean component T(e) of 2’ as x. Hence Gr n T(e) is a group with 
identity e*. Now applying (8), we obtain e*T(e) = G,n T(e). 
We have shown that in order for the projection V(T) + V(S) to be an 
isomorphism it is necessary for S to contain an element from each archimedean 
component of T; however, we note, in conclusion, that this is not at all the 
case for the projection X%?(T) + d’%‘(S). 
PROPOSITION. Suppose that T = (JesB T(e) is the decomposition of a 
commutative semigroup T into a semilattice E of the archimedean components 
T(e) of T. Let S be a subsemigroup of T. The projection JV%‘( T) + h?%‘(S) 
is an isomorphism if : 
(10) for each e E E, T(f) = (S n T(f))/(S n T(f)) for some f < e. 
Proof. Condition (10) implies (4) and (6). 
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